To allow for 'relativistic'-like core contraction effects, an anisotropic regularization of steadilymoving rectilinear dislocations of arbitrary orientation is introduced, with two scale parameters a and a ⊥ along the direction of motion and transverse to it, respectively. The dislocation core is ellipsoidal. When a ⊥ /a → 0, the model reduces to the Peierls-Eshelby dislocation, the fields of which are non-differentiable on the slip plane. For finite a and a ⊥ , fields are everywhere differentiable. Applying the author's so-called 'causal' Stroh formalism to the model, explicit expressions for the regularized fields in anisotropic elasticity are derived for any velocity. For faster-than-wave velocities, Mach-cone angles are found insensitive to the ratio a /a ⊥ , as must be. However, the larger a , the weaker the intensity of the cone branches. An expression is given for the radiative dissipative force opposed to motion. From this expression, it is inferred that the concept of a 'radiation-free' intersonic velocity can, when not applicable, be replaced by that of a 'least-radiation' velocity.
I. INTRODUCTION
This work is concerned with the regularization of dislocation fields, for a rectilinear dislocation moving steadily in an anisotropic medium (Bullough and Bilby, 1954; Sáenz, 1953; Teutonico, 1962) . Indeed, the so-called standard model of dislocations (Anderson et al., 2017) , based on zero-width Volterra dislocations, produces singular fields at the origin. Various models have been proposed to tame this singularity. The oldest one is perhaps the Peierls-Nabarro model of a static dislocation (Nabarro, 1947; Peierls, 1940; Schoeck, 2005) , which was extended to steady motion (Eshelby, 1949 (Eshelby, , 1953 Markenscoff and Ni, 2001b; Pellegrini, 2014; Rosakis, 2001; Weertman, 1969a,b; Weertman and Weertman, 1980) . However, as pointed out by Eshelby (Eshelby, 1949) , such Somigliana dislocations generate non-differentiable fields on the slip plane.
Since, a variety of regularization techniques were used to make the fields partially or fully nonsingular, mostly in a static context. Early models have been reviewed by Cai et al. (2006) , who put forward a phenomenological model of a dislocation with isotropic core of finite size, applying it to static dislocation segments. Another isotropic-core model has been proposed by Pellegrini and Lazar (2015) to compute the elastodynamic fields of arbitrarily-moving dislocations in an isotropic medium (Lazar and Pellegrini, 2016) . Also, non-locality is an efficient regularizing device. In this line of thought, non-local models have been introduced in the framework of gradient elasticity, such as a 6-parameter anisotropic core model, from which non-singular static fields in anisotropic crystals have been derived (Lazar and Po, 2015a,b; Po et al., 2018) .
The present work describes an extension of the Pellegrini-Lazar model to elliptic cores, with application to steady motion in an anisotropic medium. The aim is to devise a simple model with two different regularizing length scales -one in the transverse direction, and the other one in the direction of motion-so as to allow for 'relativistic' core-width variations in the latter direction (Eshelby, 1949) . Such variations, which can be considered as the elastic counterpart of a Lorentz-Fitzgerald contraction, are important for motions of velocity comparable to wavespeeds in the crystal, including faster-than-wave velocities (Bullough and Bilby, 1954; Eshelby, 1956; Lazar, 2009; Pellegrini, 2012 Pellegrini, , 2014 Rosakis, 2001; Weertman, 1967 Weertman, , 1969b ; see, e.g., Auld (1973) for waves in crystals. However, the two length scales are considered as fixed parameters hereafter, this work being focused on obtaining explicit field expressions.
The paper is organized as follows. Section II introduces the elliptic-core model, and shows that it can be considered a fullyregularized anisotropic extension of the Peierls-Eshelby model of a dislocation (Eshelby, 1949; Nabarro, 1947; Peierls, 1940) . Differences with the Lazar-Po approach (Lazar and Po, 2015a,b) are pointed out. The elastic fields of the moving dislocation are derived in Section III. The method used relies on the Stroh formalism for dislocations moving through an anisotropic medium (Anderson et al., 2017; Bacon et al., 1979; Barnett and Zimmerman, 2002; Blaschke and Szajewski, 2018; Chadwick and Smith, 1977; Lothe, 1992; Stroh, 1962; Wu, 2000) . This formalism was modified in a causal way in Pellegrini (2017) to provide a general framework for field computations at any velocity, including faster-than-wave ones. From these results the dissipative force acting on the dislocation is obtained. Section IV is devoted to the isotropic limit of the model. Numerical results are presented in Section V. Section VI concludes the article. An Appendix gathers the most technical calculations.
Our conventions for the Fourier transform of a space-and time-dependent function f (r, t) are
where unless otherwise stated integrations with respect to the space variable r and the wave vector k are over the d-dimensional space R d (d = 2 or 3), and integrations with respect to the time t and the angular frequency ω are over R. Bold and sans-serif typefaces are used, respectively, to denote vectors (a) and dyadic tensors (A) of components A ij . A hat denotes a unit vector whenever it is built from an existing non-unit vector, e.g., k ≡ k/k. This 'hat' notation is not used for vectors specifically introduced as unit vectors. Finally, matrix or vector scalar products are denoted by a dot, which represents a contraction with respect to the tensor index in between when no confusion is possible: a · b is the matrix of components a ik b kj .
II. REGULARIZATION: A NESTED FAMILY OF DISLOCATION MODELS
This section introduces a nested family of dislocation models rooted in the Peierls model. The dislocation is represented by the plastic eigenstrain tensor β p ij (r, t) (Mura, 1987) . The dislocation, moving at constant velocity v, is such that in the direct and Fourier representations (respectively),
Its shape is assumed rigid (i.e., time-independent), and completely characterized by β p ij (r), or by β p ij (k) in the Fourier representation. For steady-state motion, all quantities in direct space depend only on the position vector r − vt with respect to the dislocation position vt, where v is the velocity. Hereafter, this vector is simply denoted by r for conciseness, all calculations being done in the co-moving frame. We introduce unit vectors m and the slip plane normal n along the x and y coordinates, respectively. Motion is along m so that v = v m, where v is the signed scalar velocity. The dislocation line is orthogonal to both m and n.
With b the Burgers vector, the plastic eigenstrain reads β p ij (r) = n i b j η(r), where η(r) = η(x, y) is the slip function along x. As it is localized on the slip plane, η(r) is a peaked function of y around y = 0. It can be written as the convolution of a dislocation-density component ρ(r) = −∂ x η(r) by the unit-step Heaviside function θ, as
In the Fourier representation, the above expressions become
Bearing in mind as a reference the singular Volterra model of a point-like dislocation characterized by
the regularized models considered in this work are as follows:
i Model III: this new model is introduced to represent a dislocation with different half-widths a and a ⊥ in both directions.
ii Model II: The Pellegrini-Lazar isotropic-core model (Pellegrini and Lazar, 2015) . It is a particular case of (6) for a = a ⊥ = a, and z = a I.
iii Model I: The semi-regularized Peierls-Eshelby dislocation model (Eshelby, 1953; Markenscoff and Ni, 2001a,b; Pellegrini, 2010 Pellegrini, , 2012 Pellegrini, , 2014 Rosakis, 2001) , characterized by
where the length a is the half core width. It is regularized along x but its fields are non differentiable on the slip plane y = 0.
Models II and III are nonsingular. Relationships between models are obvious from ρ(k). All three models reduce to the Volterra model when a, a , and a ⊥ → 0 simultaneously. Also, the integral over the whole y axis of η(x, y) (i.e., the k y = 0 Fourier mode) gives the same result in Models I, II, and III upon taking a = a. Finally, model III reduces to model I in the limit a ⊥ → 0 if a = a. All models can thus be considered as members of the same family.
Hereafter, derivations are done for model III, which is no more complicated than model II, except for a few rescalings (in particular, the integrals to be considered are, technically, exactly the same).
The density ρ(k) in (6) 2 is akin to some Fourier dual of that considered by Po and Lazar, who use (in the above notations) the exponential form ρ(r)
as an anisotropic density in the direct space, which is the Green function of the anisotropic Helmholz equation (Lazar and Po, 2015a,b) . By contrast, the real-space expression ρ(r) in (6) 1 is finite at r = 0. Note that, as can be seen from its Fourier transform, it is the solution of the following formal integrodifferential equation which involves the fractional anisotropic Laplacian (−∇ · z 2 · ∇) 1/2 (the isotropic version of which is the integral operator of the Peierls model; e.g., Josien et al. (2018) ):
III. ELASTIC DISTORTION, STRESSES, AND FORCES IN MODEL III

A. General set-up
The method of computation of the fields in Model III parallels that for Model I in Pellegrini (2017) , to which the reader is referred for details. With u the material displacement vector field, the elastic distortion β ij :=∂ i u j − β p ij is the main field of interest. It is computed by Fourier inversion as
where G + jp (k, ω) denotes the Fourier expression of the elastodynamic retarded (i.e., causal) Green operator, where Eqs. (2) 2 , (4), and (6) 2 , have been used, and where the immediate Fourier inversion with respect to ω has been carried out. The Green operator has the well-known expression
where N ij (k):=k k c iklj k l is the acoustic tensor built from the elastic tensor c ijkl , and I is the 3 × 3 identity matrix. The retarded character of G + stems from the shift of the real angular frequency ω to complex values with infinitesimal positive imaginary parts, which is a radiation condition (Barton, 1989 ). The non-trivial limit makes
can be transferred to v by introducing the complex velocity vector
Indeed, upon introducing the dynamic elastic tensor (Sáenz, 1953; Teutonico, 1962) , modified with (11) into a complex-valued tensor as
and the notation (ab) et al., 2017) , one has (Pellegrini, 2017)
the real and imaginary parts of which define the reactive and radiative parts of the Green operator, respectively (and, by inheritance, those of the fields that will be computed).
1 Expression (13) allows for an evaluation of the angular integral over the direction k in (9) by means of the Stroh formalism, while preserving the radiation features of the problem.
B. Rescalings
As far as regularization is concerned, the calculation can be made formally isotropic-like in the following manner. Introduce dimensionless position position and wave vectors r
this change of variables gives
Upon introducing the z-rescaled elastic tensor
and noting that z · n = a ⊥ n and det z = a a ⊥ , expression (14) becomes
Introduce now the notation (ab) ǫz -the z-rescaled version of (ab) ǫ -to denote the 3 × 3 matrix of components (ab)
The term within square brackets in (16) does not depend on the modulus q, so that the integral over q is done right away using
The remaining angular integral over q in (16) is dealt with by introducing the angle φ such that q(φ) = − sin φ m + cos φ n. By periodicity, the integral is equivalent to one over φ. Introduce the shorthand notation f φ = (2π)
−1 2π 0 dφ f (φ) for angular averages. Substituting (17) and (18) into (16), and since (c
Except for the leftmost application of z −1 , the core anisotropy has been absorbed into the elastic constants and the redefinition of the position vector. The calculation becomes formally equivalent to one with an isotropic core of unit half width.
Hereafter, the limit ǫ → 0 + is omitted and implicitly applies to all field-related expressions. To implement this limit, numerical calculations such as in Sec. V below, will be done using the finite tiny numerical value ǫ ≃ 10 −10 .
C. Rotated basis, Stroh formalism, and angular integrals
The next transformations closely follow Sec. 3.2 of Pellegrini (2017) devoted to Model I (equations (71) to (77), and (82) to (85) in the latter reference, to which the reader is referred for details).
The unit vector l(φ) = cos φ m + sin φ n is introduced to make {l, q} another orthonormal basis of the plane, which is the fixed basis {m, n} rotated by the angle φ, and the unit vector n is decomposed on this rotated basis. Focusing on the integrand in (19), and since n · l = − q · m, one finds
where a factor ( q·m) has been eliminated out between the numerator and denominator. Next, the integrand in (19) is the product of (20) by
Separating the real and imaginary parts of this product, one observes that the imaginary terms are odd under the inversion symmetry φ → φ + π, i.e., q → − q and l → −l, and so do not contribute to the angular integral in (19). Thus, the distortion becomes
At this point, we appeal to the Stroh identity
where the 3-vectors A α and L α are read, respectively, from the first three and last three components of the complex-valued 6-vectors
3 ), α = 1, . . . , 6, which are the suitably normalized eigenvectors of the 6 × 6 modified Stroh matrix (non-Hermitian)
The key point of the Stroh formalism is that those vectors do not depend on the angle φ. The dependence on φ in the right-hand side of (23) solely arises from the functions p α (φ) ≡ tan(ψ α − φ), where the ψ α are complex-valued angles. The eigenvalues of N are the quantities p α ≡ p α (φ = 0) = tan(ψ α ) (Chadwick and Smith, 1977) . With respect to the classical Stroh formalism modifications in the present implementation are twofold: a) the Stroh matrix is no more real-valued, as it depends on the infinitesimal imaginary number iǫ, which encodes the radiation condition (Pellegrini, 2017) ; (b) the modified elastic tensor in the 3 × 3 matrices (ab) ǫz has been rescaled according to (15) . For conciseness, the dependence of p α , A α , and L α on ǫ and on z is left implicit. We emphasize that, quite generally, the modified Stroh formalism preserves all the tensor identities (such as (23)) of the classical one (Anderson et al., 2017) .
Substituting (23) into (22) yields an expression for the elastic distortion in terms of manageable angular integrals. Separating it into its reactive and radiative parts,
The integrals are computed as follows. Introduce the angle γ such that r z = r z (cos γm + sin γn). Then, q · r z = sin(γ − φ). Introduce moreover ε = 1/r z , and the unit vector s z = (− sin γ, cos γ) orthogonal to r z . Dropping for brevity the label α in p α (φ) and ψ α , and on account of the expression p(φ) = tan(ψ − φ) one has, with components expressed in the {m, n} basis,
These integrals are markedly different from the ones for model I in Pellegrini (2017) . 2 The main complication here resides in the factor sign(sin φ) in (26c), which requires special care. The integrals are done in the Appendix by contour integration in the complex plane. The result is
where s α = sign Im p α , and the following quantities have been introduced:
D. The elastic distortion: final result
Upon substituting Eqs. (27) into Eqs. (25), two notable simplifications arise: 1) the last term within brackets in (25b) is eliminated, because of the completeness identity α A α ⊗ L α = I and of mutual cancellation between (27a) and the first term of (27b); 2) the first term of (27c) does not contribute under the Im operator of (25c) because it is real-valued.
Replacing ε by its expression 1/r z , the final result for the elastic distortion in Model III thus reads
where
. Again, the eigenvalues p α and vectors A α and L α are computed here and below from the modified Stroh matrix (24). With regard to the above results, one key point of the modified Stroh formalism is that even though some (or even all of the) p α s are real-valued for faster-than-wave velocities in the limit ǫ → 0 (Stroh, 1962 ), the signs s α = sign Im p α , which are discontinuous functions, are determined by their values for ǫ infinitesimal but nonzero, and thus never vanish.
E. Self-stress and resolved self-stress
By the generalized Hooke law, the self-stress of the dislocation is σ ij (r) = c ijkl β kl (r). As in the standard theory of a subsonic Volterra dislocation no further simplification of this quantity is possible. The situation changes for the resolved selfstress σ(r) = n · σ(r) · b, which identifies with the Peach-Koehler force divided by b if b remains confined to the slip plane (Bacon et al., 1979) . To compute it (Anderson et al., 2017) , observe that
where the identity
, which holds as well in the modified theory, has been used in the last step. From Eqs. (29) and (30), we deduce
F. Radiative resistance to motion
The dissipative force experienced by the dislocation at fixed core width is obtained by projecting the resolved stress onto the dislocation density (Eshelby, 1953; Pellegrini, 2012 Pellegrini, , 2014 . Using Parseval's theorem, this is
where σ(r) is given by (31a). The prescription in the rightmost expression indicates that the z matrix must be replaced by twice its value for the elastic fields. This last result is obvious from delineating the relationship between σ(r) and β ij (r), going back to definition (9) of the latter in terms of Fourier transforms, and using This convenient property stems from the regularization method employed. Equation (31b) shows that the reactive component of the self-stress vanishes at r = 0, so that the dissipative force is purely radiative. Substituting (31c) into (32) yields
IV. THE ISOTROPIC-CORE LIMIT OF MODEL II
For an isotropic core with a = a ⊥ = a (so that z = a I), it is not difficult to show from the modified Stroh matrix (24) that the eigenvalues p α , and the tensor products A α ⊗ L α are the same as in Model I. However, the vectors A α (resp., L α ) differ by a factor a (resp., a −1 ) from those of Model I. Immediate simplifications of (29b) and (29c) yield, with now
V. NUMERICAL ILLUSTRATIONS
The theory is illustrated for an edge dislocation in b.c.c. Fe, on the slip system m = (1, 1, 1)/ √ 3, n = (1, −1, 0)/ √ 2. The elastic constants (in GPa) are C 11 = 226, C 12 = 140, and C 44 = 116, the material density is ρ = 7.8672 g/cm 3 , and the lattice parameter is a 0 = 0.287 nm (Lide, 2010) . All lengths are measured in units of the interplanar distance d = a 0 / √ 2, and the stress is measured in units of the theoretical shear stress σ th = µ b/(2πd), where µ = m i n j c ijkl n k m l = 13.125 GPa is the in-plane shear modulus. The Burgers vector is b = ( √ 3/2)a 0 m. In this section, the transverse half-width is always a ⊥ = d/2, which is a reasonable assumption. Fig. 1 shows in the subsonic regime the effect of a finite a ⊥ in Model III, compared to the Peierls-Eshelby dislocation of Model I where a ⊥ = 0 by construction: fields become continuous, and are lower near the core center in Model III. Fig. 2 illustrates the influence of the parallel core width a in Model III, in the intersonic range, at fixed a ⊥ . The dislocation velocity is larger than two of the wavespeeds for the geometry considered, so that two Mach cones are present. The local intensity of the fields is drastically reduced when the core width is larger, especially within the Mach cones, which become wider.
The angle of the the Mach cone branches is unchanged, as must be. The reason is that the geometric equation for each cone branch is x + p α y = 0, where the eigenvalue p α relative to the cone branch considered is real-valued in the supersonic range in the limit ǫ → 0. Let us label these eigenvalues by the name of the model. In model I, they are determined by the equation (Stroh, 1962) 
In Model III, the z-rescaling of the elastic tensor changes this equation into
where (mm), (nm) and (mm) are the same matrices as in (36). Thus, p III = (a ⊥ /a )p I , while the equation for the cone branches in Model III is x z + p III y z = 0. Since x z = x/a and y z = y/a ⊥ , the latter equation is the same as for Model I. Fig. 3 displays the dependence on the fixed core width a of the dissipative force f diss , Equ. (34), which is of sign opposite to v. The overall dissipation decreases as the longitudinal core width increases. The figure illustrates several other aspects of the problem, among which the limiting velocities v 1 = 2.75 × 10 3 m s −1 at which the intersonic regime (with at least one Mach cone) begins, and v 3 = 6.41 × 10 3 m s −1 , at which the fully supersonic regime (with three Mach cones) begins; see Pellegrini (2017) for wave patterns. Notable variations of the dissipation occurs at these special velocities. The dissipation is zero in the subsonic range v < v 1 , where the self-force does no work (Anderson et al., 2017) . Indeed, a detailed study of Eqs. (29) would show that β ij (r = 0) vanishes in this regime. By contrast, even though σ 12 (r = 0) vanishes for all velocities (e.g., Figs. 1 and 2), other components of σ ij (r = 0) remain nonzero for v > v 1 , which leads to finite dissipation via radiation in Mach cones. The force is minimal, of order 10 −3 bσ th near to v ≃ 5.6(1) × 10 3 m s −1 . This minimizer is quasi-independent of the ratio a /a ⊥ . Thus, the configuration is such that a 'radiation-free' velocity does not exist (Barnett and Zimmerman, 2002; Gao et al., 1999) , but is replaced by a 'least-radiation' velocity. We speculate that the concept of a 'least-radiation' velocity is always applicable.
VI. CONCLUDING DISCUSSION
The proposed regularization allows for computations of the fields in an anisotropic medium, for a core with ellipsoidal shape, in terms of closed-form expressions involving elementary functions and quantities accessible numerically from the Stroh formalism. The method delivers smooth, non-singular, field expressions that apply to any velocity, thus encompassing the supersonic domain at no additional price. Our numerical results illustrate the dramatic effect of changing the core width on the intensity of the field, which is an important issue for dislocation-dynamics simulations, especially with regard to field-triggered nucleation processes. Obtaining the radiative force is immediate if the core width is fixed. This force is a fundamental piece of the steady-state stress-velocity law for dislocations (Rosakis, 2001) . However, an ingredient is missing to complete the present theory, namely, the dependence in the velocity of the longitudinal core width a . In principle, such a function a (v) could be deduced from a steady-state version of the method of Pellegrini (2014) to derive equations of motion for dislocations. A current physical limitation of the approach is that the functional form of the dislocation density is postulated rather than computed (in particular, this form might not be fully suited to supersonic motion). This should be contrasted with the markedly different field theory with gradient elasticity and quadratic core energy term (Lazar, 2009) , which yields an equation for the dislocation density with Lorentz-Fitzgerald core contraction effects included. In this connection, the existence of Eq. (8) to produce the postulated dislocation density might provide a bridge between both approaches. These issues are left to future work.
Only the poles z 1,2,3 contribute to the result. Residues are denoted as R m k for the m component and R n k for the n component. The shorthand notation X = ε/ √ 1 + ε 2 is used hereafter. From (A3) one gets By (A1) the results are of the type R 1 + R 2 + R 3 = R 1 + 2R 2 for both components, which leads to (27a). For integral (26b) the integrand reads
Only the poles z 1,2,3,6,7 contribute. The residues deduced from (A5) are 
where D γε (p) is defined in (28a). By (A1), and given the locations of the poles, the results are of the type R 1 + R 2 + R 3 = R 1 + 2R 2 if Im p < 0, and R 1 + R 2 + R 3 + R 6 + R 7 = R 1 + 2R 2 + 2R 6 if Im p > 0, which can be encoded as R 1 + 2R 2 + R 6 + sign(Im p)R 6 . Immediate simplifications then lead to (27b).
Integrals (26c)
The integrand of (26c) is invariant under the symmetry φ → φ + π. The integral is folded onto the interval [0, π] where sign(sin φ) = 1, which eliminates this factor. The change of variables z = tan(φ/2) (Cartan, 1995) 
Integral (A7) can then be computed as (Cartan, 1995) 1 π 
where f (z) is the integrand in (A7), and where the new contour Γ is depicted in Fig. 4 . The sum is over all the poles of f (z) with nonzero imaginary part. The six poles of f (z) are such, because in the modified Stroh formalism the p α are always complex-valued due to the radiation condition (Pellegrini, 2017) . They read z 1,2 = p ± 1 + p 2 , z 3,4 = − cos γ ± √ 1 + ε 2 sin γ + iε , z 5,6 = − cos γ ± √ 1 + ε 2 sin γ − iε .
Let s γ (p) = sin γ − p cos γ and c γ (p) = cos γ + p sin γ. The corresponding residues for both components of f (z) are
R m 3,4,5,6 = ±
R n 3,4,5,6 = ±
where the residues R 3 , R 4 , R 5 , and R 6 are defined, respectively, by the pairs of signs (+, +), (−, +), (+, −), and (−, −). Due to the presence of these alternating signs, the sum (A8) involves the following combinations of logarithms, in which principal determinations of elementary functions are used:
log(−z 1 ) − log(−z 2 ) = 2Arcsinh(p) − iπ sign(Im p),
log(−z 3 ) − log(−z 4 ) + log(−z 5 ) − log(−z 6 ) = 4Arctanh cos γ
log(−z 3 ) + log(−z 4 ) − log(−z 5 ) − log(−z 6 ) = 2iArg (ε + i sin γ) 2 .
Re-organizing the sum (A8) with the help of the above results and definitions (28b)-(28d) for each component immediately gives expression (27c).
